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Abstract 



We give a new sufficient condition of the quasi-Gibbs property. This 
result is a refinement of one given in a previous paper ([H]), and will be 
used in a forth coming paper to prove the quasi-Gibbs property of Airy 
random point fields (RPFs) and other RPFs appearing under soft-edge 
scaling. The quasi-Gibbs property of RPFs is one of the key ingredients 
to solve the associated infinite-dimensional stochastic differential equa- 
tion (ISDE). Because of the divergence of the free potentials and the 
interactions of the finite particle approximation under soft-edge scaling, 
the result of the previous paper excludes the Airy RPFs, although Airy 
RPFs are the most significant RPFs appearing in random matrix theory. 
We will use the result of the present paper to solve the ISDE for which 
the unlabeled equilibrium state is the Airy^ RPF with ft = 1, 2, 4. 

1 Introduction 

Let fj = 1, 2, 4. The Airy^ random point field (RPF), denoted by fiM,p> is a prob- 
ability measure on the configuration space over R, for which the n-correlation 
function p\ { 2 is given by 



'MSC 2000: 60J60 60K35 82B21 82C22 
Keyword: Interacting Brownian particles, Random matrices, Coulomb potentials, Infinitely 
many particle systems, Diffusions, Airy random point field, quasi-Gibbs property 
E-mail: osada@math.kyushu-u.ac.jp Phone and Fax: 0081-92-802-4489 




for /3 = 2. 



Ai{x)M\y) - M'(x)Ai(y) 



(x ^ y) 



x-y 



1 



where we set Ai (x) = dAi(x)/dx with Ai(-) denoting the Airy function 



(1.2) Ai(z) = -!- [ dke lt - zk+k ^ 3 \ zeC. 

2tt Jm 

The correlation functions of Airy^ RPFs for j3 = 1,4 are given similarly by 
using the quaternion determinant or Pfaffians (see [2J, [T2], [5]). 

It is well known that HAi,p results in the thermodynamic limit of the dis- 
tributions for the Gaussian ensembles (j3 = 1,2,4). Indeed, the distribution of 
eigenvalues of the Gaussian ensembles with size n x n is given by 
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(1.3) m n GaussJj (dx n ) = -]J 




where x n = (xi, . . .,x n ) G R". Here f3 = 1 , 2 and 4 correspond respectively to the 
Gaussian orthogonal (GOE), unitary (GUE), and symplectic (GSE) ensembles. 
Thus, the probability density coincides with the Boltzmann factor for log-gas 
systems at three special values of the inverse temperature, i.e., /3 = 1, 2 and 4. 

Let MQ auss p be the distribution of n _1 ^<5 a;i under «iQ auss g (dx n ). Then 
the celebrated semi-circle law states that ^Gauss p converge to the nonrandom 
a{x)dx weakly in the space of Radon measures over R endowed with the vague 
topology. Here 

(1.4) a{x) = ^l[_ 2)2] (z)V4-z 2 . 

There exist two typical thermodynamic scalings in (|1.3[) . called bulk and 
soft-edge. The former (centered at the origin) is given by the correspondence 
x H> x/y/n, which yields the RPF ^£ ulk 8 with labeled density m^ ulk g such that 

(1.5) m£ ulk ^(dxn) = -| f[ \xi - xjf exp J -— ^ \xi\ 2 I dx n , 

i<j I i=l J 

and /ib u i k a converges weakly to /ibuik,/3, the Sine^ RPF. The latter, in contrast, 
is centered at 2-y/n given by the correspondence x i— >■ + xn~ x / 6 with labeled 
density m\ { g such that 

(1.6) m^dxn) = | II N - exp{-fE |2^ + n- 1 / 6 ^ 2 }. 

i<j i=l J 

The Airy RPF /HAi,/3 is the weak limit of /x^i ^ given by m^j ^ as n — > oo. The 
finite particle approximation {//^i a} w iH b e used in a forth-coming paper to 
prove the quasi-Gibbs property for /XAi,/3- 



Interacting Brownian motions (IBMs) in infinite dimensions are diffusions 
X t = pQ)igz consisting of infinitely many particles moving in M. d with the effect 
of the external force coming from a self-potential $ : R d — > RU{oo} and that of the 
mutual interaction coming from an interacting potential $:R ll xR' i ->lU {°°} 
such that ^(x,y) = ^(y,x). 
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Roughly speaking, an IBM is the stochastic dynamics of infinitely many 
particles described by the infinite-dimensional stochastic differential equation 
(ISDE) of the form 

(1.7) dXJ=dflj-iv$(Xj)dt-i V*{Xi,X>)dt (<GZ). 

The state space of the process X t = (XW^i is (R d ) z by construction. Let X be 
the configuration- valued process given by 

(1.8) X t =J2 S x>- 

Here S a denotes the delta measure at a and a configuration is a Radon measure 
consisting of a sum of delta measures. We call X the labeled dynamics and X 
the unlabeled dynamics. 

The ISDE (TO)) was initiated by Lang [ID], [II], who studied the case $ = 0, 
and &(x, y) — ^{x—y), where ^ is in Cq (R d ), superstable and regular according 
to Ruelle [21]. With the last two assumptions, the corresponding unlabeled 
dynamics X has Gibbsian equilibrium states. See [22], [4], and [24] for other 
works concerning the SDE (|1.7p . 

In [13], the unlabeled diffusion was constructed using the Dirichlet form. 
The advantage of this method is that it gives a general and simple proof of 
construction. This work was followed by [57], Q], [H], Q3], [25], [55], and 
others. In all these, except [26] and some parts of [13], the equilibrium states 
are supposed to be Gibbs measures with Ruelle's class interaction potentials 
1 i. Thus, the equilibrium states are described by the Dobrushin-Lanford- Ruelle 
(DLR) equations (see (|2.9p ~). the usage of which plays a pivotal role in previous 
works. 

The interaction potentials appearing in random matrix theory become log- 
arithmic interaction potentials (2D Coulomb potentials): 

(1.9) 9(x,y) = -j3log\x-y\, < < oo. 

Clearly these are not Ruelle's class potentials and the DLR equations would 
make no sense. 

In [IB] , [UJ , [IH] and [IB] , we have developed a general theory applicable to 
log potentials and solved the ISDE (11.71) with log interaction potentials. The 
key ingredients are two geometric properties of RPFs such that "the quasi-Gibbs 
property" and "the log derivative" . Although we checked these for Sine,g RPFs 
(/? = 1,2,4) and the Ginibre RPF in 19 and [18 , the Airy/3 RPFs remain. 

The purpose of this paper is to give a sufficient condition for the quasi-Gibbs 
property applicable to RPFs appearing under soft-edge scaling, in particular, 
the Airy p RPFs. We will do this in the main theorems Theorem 12. II and Theo- 
rem o 

Let us briefly explain the main idea. The quasi-Gibbs property is a kind of 
existence of a locally bounded density conditioned outside (see Definition 12. ip . 
We will prove this by uniform estimates of suitable, finite particle approxima- 
tions. This finite particle system is (|1.6p for the Airy^ RPFs. Note that the 
exponent in (jl.6p is given by 

(1.10) - £ £ |2Vn"+ n- 1 ^! 2 = £{4n + n^xtf + 4^}. 

i=l i=l 
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The term 4n can be absorbed in the normalizing constant, and the term n 1,/3 1 cc^ | 2 
can be neglected as n — > oo. We have to prove, however, a rather precise cancel- 
lation between e" Si=i 4n 1 x * and the interaction term II Ly \ x * — x j\^ ■ This 
yields the main difficulty for the Airy ,3 RPFs, and other RPFs under soft-edge 
scaling. Note that the term 4n 1 / 3 Xi is linear in xf 7 from this, we arrive at the 
formulation in (|2.17[) . 

The organization of the paper is as follows. In Section [21 we describe the set 
up and state the main results fTheorem l2.ll Theorem l2.2[) . Section [3]-Section [5] 
are devoted to the proof of Theorem 12.11 In Section [5J we give a sufficient 
condition for (H.3), which is the most important condition in Theorem 12.11 In 
Section [3 we prove Theorem l2.21 which is the special case d = 1 in Theorem l2.11 
and we will give a convenient sufficient condition for (H.3) in this case. 

2 Set-up and main results 

Let S be a closed set in R d such that Oe5 and S int = S, where S int means the 
interior of S. Let S = {s = J^. 6 Si ; s(K) < 00 for any compact set K}, where 
{si} is a sequence in S. Then S is the set of configurations on S by definition. 
We endow S with the vague topology, under which S is a Polish space. 

Let /i be a probability measure on (S,£>(S)). We call a function p n the 
n-correlation function of /i with respect to (w.r.t.) the Lebesgue measure if 
p n : S n — >R is a permutation invariant function such that 

f f m s(A 1 ! 

(2.1) / P n (xi, x n )dxi ■ ■ ■ dx n = / TT , 1 ' , d/j, 
Ja^x-xa*™ Js fJi ( s (^i) - hy- 

for any sequence of disjoint bounded measurable subsets A\ , . . . , A m C S and a 
sequence of natural numbers k\, . . . , k m satisfying ki + ■ ■ ■ + k m = n. Here we 
set (s(Ai) - ki)\ = 00 if (s(Ai) - h) < 0. 

We assume fi satisfies the following. 
(H.l) The measure fj, has a locally bounded, n-correlation function p n for each 

neN. 

We introduce a Hamiltonian on a bounded Borel set A as follows. For 
Borel measurable functions $ : S — > R U {00} and : S x S — >• R U {00} with 
V(x,y) = 9{y,x), let 

(2.2) Wj'*(x) = *(^'^)» wherex = ^5 Xi . 

We assume $ < 00 almost everywhere (a.e.) to avoid triviality. 

For two measures v\,v?, on a measurable space {VL,B) 1 we write v\ < V2 
if V\{A) < v%(A), for all A E B. We say a sequence of finite Radon mea- 
sures {v n } on a Polish space Q converge weakly to a finite Radon measure v if 
lining / fdis" = J fdv, for all / e C 6 (fi). 

Throughout this paper, {b r } denotes an increasing sequence of natural num- 
bers. We set 

(2.3) S r = {seS; \s\ < b r }, S™ = {seS; s(S r ) = m}. 

For notational brevity, we suppress the dependence of S r on {b r }. We will later 
introduce S r — {x £ S ; \x\ < r} in (|2.11[) . By definition S r = Sb r - In the 
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proof of the main theorems, we will use S r more frequently than S r , which is 
the reason we have assigned the more complicated notation S r to the simpler 
object {x £ S ; |x| < r}. We set 

(2.4) H r (x)=Htf(x). 

For a subset A C S, we define the map tta - S— >S by ita(s) = s(A H •). 

Definition 2.1. A probability measure fi is said to be a ($, Vt^-quasi-Gibbs 
measure if the following holds: 

(1) There exists an increasing sequence {b r } of natural numbers such that, for 
each r, m £ N, there exists a sequence of Borel subsets S™ fe satisfying 

(2.5) S™ fc C S' r " fe+1 C S™ for all k, lim fj? k = /i™ weakly, 

where n™ k = n S™ fe ) and //" = n S"). 

(2) For all r, m, fc e N and /i™ fe -a.e. s G S, 

(2.6) l e -^Wl s „(x)A(rfx) < ^, s (dx) < W - H ^h s ?(x)A(dx). 

Here, ci = <^r,m, k,TTs^(s)) is a positive constant, A is the Poisson RPF for 
which the intensity is the Lebesgue measure on S, and s is the regular 
conditional probability measure of defined by 

(2.7) l<Xs(*<) = l^kfar € dx| 7T S .(S)). 

We remark that the original definition of the quasi-Gibbs property in [H?] is 
slightly more general than the above. 

We call $ (resp. "P) a free (interaction) potential. When ^> is an interaction 
potential, we implicitly assume that ^(a;, y) = ^(y,x). 

Remark 2.1. (1) By definition, /*t"fe((S™) c ) = 0. Since /Lt™ fe s is a \ks$\ -measurable 
in s, we have the disintegration of the measure fi™ k 

(2-8) o ^(dx) = jf /^.(dxj^ds). 

(2) Let (x™ s {dx) = /«™(7rs r (s) € eix| 7rgc(s)). Recall that a probability measure /x 
is said to be a ($, ^-canonical Gibbs measure if /i satisfies the DLR equation 
(|2.9p ; that is, for each r, m £ N, the conditional probability /i™ satisfies 

(2.9) /i™(dx) = — e- w "M-*"( x ' s )ls».(x)A(dx) for ^™-a.e. s. 

Here, < C2 < oo is the normalization and, for x = 5 Xi and s = 5 aj , we 
set 

(2.10) *r(x,s)= *( x i> s i)- 

(3) (<&, 4')-canonical Gibbs measures are (<£>, ^-quasi-Gibbs measures. The con- 
verse is, however, not true. When ^(x, y) = — /31og \x — y\ and the \i are trans- 
lation invariant, the n are not (<£>, ^-canonical Gibbs measures. This is because 
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the DLR equation does not make sense. Indeed, | v E' r (x, s)| = oo for /i-almost 
surely (a.s.) s. The point is that one can expect a cancellation between cjjjand 
e -*».(x,s) even jf |^ r (x,s)| = oo. 

(4) Unlike canonical Gibbs measures, the notion of quasi-Gibbs measures is quite 
flexible for free potentials. Indeed, if fj, is a ($, 4')-quasi-Gibbs measure, then 
fi is also a ($ + F, \l/)-quasi-Gibbs measure for any locally bounded measurable 
function F. Thus, we write fi a 'I'-quasi-Gibbs measure if fj, is a (0, ^)-quasi- 
Gibbs measure. 

We give a pair of conditions for the quasi-Gibbs property. These conditions 
guarantee that \i has a good finite-particle approximation {yLt n } nS N that enables 
us to prove the quasi-Gibbs property. We set 

n 

(2.11) S r = {x€S;\x\<r}, S? = J] {\x m \ < r}. 

m— 1 

(H.2) There exists a sequence of probability measures {/i n } n eN on S satisfying 
the following. 

(1) The n-correlation functions of /i n satisfy 

(2.12) lim /9"(x n ) = P n (xn) a.e. for all n G N, 

n— ^oo 

(2.13) supK(x n );nGN, x„ e S; 1 } < {cgp 5 }" foralln,reN, 

where x„ = (x\, ■ ■ ■ ,x n ) € S n , C3 = (^r) > 0, and S = S(r) < 1 are constants 
depending on r £ N. 

(2) fi n (s(S) <N„) = 1 for each n, where N n G N. 

(3) fi" is a ($ n , \E ,n )-canonical Gibbs measure. 

(4) There exists a sequence {m^jpgN in R d such that 

(2.14) lim {<S> n (x) - • x} = for a.e. x, 

n — > oc 

inf inf {$ n (x) - ■ x} > -00. 
Here • denotes the standard inner product in M. d . 

(5) The interaction potentials fy" : Sx S->RU {00} satisfy the following. 

(2.15) lim vj/ n = compactly and uniformly in C 1 (5x5\{a: = y}), 

n— >oo 

inf inf ^"(x, y) > -00 for all r G N. 

Remark 2.2. For the GUE soft-edge approximation of the Airy RPF, we take 
m^, = n 1 / 3 . In fact, in this case, the limit of $ n diverges. Hence, we substitute 
• x from <fr n (x) to make the limit finite. In a forthcoming paper, we will see 
that the terms • x are cancelled by the interaction terms. 

The next assumption (H.3) is a tightness condition on {/i n } according to the 
interaction vp". Indeed, (H.3) plays the most significant role in the proof of the 
quasi-Gibbs property of fi. To introduce (H.3), we establish some notations. 
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Let x = Yl^xt an d y = J2^Vj ^ S. For {S r } in (|2.3[) . we set S rs — S s \S r 
and SVoo = S£. For r<s<i<u< oo, we set 

(2-16) *« ltu (x,y)= E • 

We write *^ st = *g nst and *^ rs (x, y) = *^ rs (ar, y) if x = S x . 
For r < s < t < u < oo, let 

(2.17) ^ s , tu (x,y) = ^. jttt (x,y) + { ]T x ,} • K - <)• 

We set $£ st = *Sr, S f For f.^N, and {m^} we define H rifc by 

r l*?r a (^y) y)L 

(2.18) H r .fc = {y € S ; {sup sup sup ! ; j- } < k}. 

n£N r<s£N x^weS r \X — W\ 

We note that the set H r> k depends on {m"}, although for brevity, we suppress 
{m"| in denoting H r .fc. The functions {m"| in (|2.18[) are related to the sequence 
{m^} in (4) of (H.2) by the condition (pT2"0j) below. 

(H.3) There exists a sequence {m"} in R d such that the set H r> k satisfies the 
following: 

(2.19) lim limsup/x n (H£ fc ) = for all r G N, 

fc->oo n ^oo 

(2.20) lim = m^, sup \m n s \ < oo for all s G N. 

Remark 2.3. When m n s = 0, the set H rjfe in (|2~Tg|) equals H rjfe in Thus, this 
definition is a generalization of V\ r ,k in [12 ■ The function compensates the 
sum (^" rs (a;,y) — ^" rs (w,y))/(x — w). For the Airy RPFs, we have no hope 
to ensure (H.3) without this compensation. 

Theorem 2.1. Assume (H.l), (H.2) and (H.3). Then fi is a ($,*)- quasi- Gibbs 
measure. 

We next assume d = 1,2. Thus, to unify these two cases, we set S = C. 
Indeed, we regard here R 2 as C by the natural correspondence: R 2 9 (x, y) H > 
x + \/—ly G C, and R as the real axis in C. Hence, we view m" = (m" l5 m" 2 ) G 
R 2 as m£ = + ^f-im^ G C. 

We assume \l/ n is independent of n and of the form 

(2.21) 9(x,y) :=y n (x i y) = -piog\x-y\ (/? G R). 

We will give a sufficient condition of (H.3) in terms of correlation functions. 

Let x = Yli^xi an d Srs — S s \S r , where S r = {s G S; \s\ < r}, as before. 
For 1 < r < s < oo let V£ jrs :S^-C such that 

(2.22) v<lP ,(x)=/9{ E ^} (*>2) 

x,es rs 

(2.23) vi,„(x) = ^{ ^ + (£ = 1). 
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Here m" = m" j — y / — Tm" 2 is the complex conjugate of m". 

When I = 1, vi, rs depends on n. Hence, we write \i\^ rs — vj rs when we 
emphasize the dependence on n. Although V£^ rs are independent of n when 
£ > 2, we write v" rs if we want to unify the notation (see (|2.25|) and (|2.26l0 . 

Note that the sum in (|2.22p makes sense for /i n -a.s. x even if s = oo. Indeed, 
by (2) of (H.2), the total number of particles has deterministic bound N n under 
li n . Hence, v^ rs (x) is well defined and finite for /i n -a.s. x, for all n G N. 

Now the key assumption is as follows. 

(H.4) There exists an £q such that 2 < £q G N and that 



(2.24) sup{ / —— ^ x )dx} < oo 

n£N Jl<\x\<oo Fl 



and that, for each 1 < £ < £$, 



(2.25) sup || sup|v£ rs | ||li(s, M ") < 00 for a11 r < s eN, 

n£N pGN 

(2.26) lim sup || sup |v£ | || L i(S^) = 0. 

Theorem 2.2. Assume (|2~2"T|) and S = C. Assume (HA), (H.2) and (H.4). 
Then fi is a ($,'!')- quasi- Gibbs measure. 

In a forthcoming paper, we will prove the quasi-Gibbs property of Airy^ 
RPFs, and solve the associated ISDEs. Theorem 12.21 will be used there. When- 
ever we consider the RPFs appearing under soft-edge scaling, such as Tacknode 
[B], the divergence of the free potentials such as (|1.10[) always occurs, which 
causes a difficulty in treating soft-edge scaling. It is plausible that our results 
can resolve this. 

Stochastic dynamics of infinitely many particle systems in R related to ran- 
dom matrix theory have been constructed by explicit calculation based on space- 
time correlation functions (see [5], [7], [8], [9], [20], and others). In this body 
of work, the properties of dynamics from a viewpoint of stochastic analysis, 
such as the semi-martingale property, and Ito's formula, have not yet been well 
developed. Our method, together with the forthcoming paper, gives SDE rep- 
resentations of the dynamics, which enables us to use the stochastic analysis 
effectively. 

In [26] , Yuu proved that all determinantal RPFs with kernels K such that the 
spectrum Spec(ir) of the associated L 2 -operator satisfies < Spec(-ftT) < 1 be- 
come a kind of Gibbs measure, and by using this, he constructed associated dif- 
fusions. However, the spectrum of kernels of determinantal RPFs appearing in 
random matrix theory in the infinite- volume limit usually contains 1. Hence, his 
result excludes RPFs related to random matrix theory such as Dyson's model, 
the Bessel RPF, and, in particular, the Airy RPF. It is an interesting open 
problem to prove that all determinantal RPFs are quasi-Gibbs measures. 



3 Proof of Theorem [2J] 

In Section [3]-Section [51 we will prove Theorem 12.11 In the present section, 
we first prepare a lemma from [19) . and explain the strategy of the proof of 
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Theorem 1 2. II In fact, we divide the proof into two parts. We will prove the first 
step (13.17)) in Section [H and the second step (13. 18)) in Section [5] 

We fix r,m E N throughout Sections [SHSl Let S™ be as in (1231) . Using the 
set H r; fc defined in (|2.18p . we introduce cut-off measures aC™ : 

(3.1) /x^ = M n 0nS-nH r , fe ). 

We will prove Theorem 12.11 along this sequence {/i"'™}. For this, we first note 
the following. 

Lemma 3.1 (Lemma 4.2 in [19 ). There exists a weak convergent subsequence 
of denoted by the same symbol, with limit measures {fJ^u} satisfying 

(|2.5p . for all r,k,m. 

Let l\'™ s rs denote the conditional probability of fi"'™ defined by 

( 3 - 2 ) Vr.Zs,rs( dx ) = ^r'T^Sr € dx\ TT Srs (s)). 



We note that, although a', is not necessarily a probability measure, we nor- 

n.m 



malize it in such a way that the conditional measure fj, \ rs is a probability 



measure. As a result, we have /i r 'j. s rs (S) = 1 and 
(3.3) fi"'£ o ^(dx) = / v"'™ iS:rs (dx) o tt^ (ds). 



Recall that by (H.2), /i n is a ($ n , \l/ n )-canonical Gibbs measure. Then /i n sat- 
isfies the DLR equation (|2.9|) . Hence, m"'™ 5 rs is absolutely continuous w.r.t. 
e~ w " ^A(dx). Therefore, we denote its density by cr"'™ s . Then by definition, 

i r n,m 

we have for /i r ' fe -a.e. s 

(3-4) <^(x)e- K(x) A(dx) - <'r A r.(^). wher e K = tiff. 

We recall that the limit lim n ^oo <£> n diverges in general. Such a divergence 
implies that for H". Thus, to prevent this, we consider the compensation con- 
stant m!^ in (|2.14l) . and set 

(3.5) K(x) = £ - <o E 

XiES r Xi,Xj£S r ,i<j 

where x = S Xi . 

Lemma 3.2. H" satisfy the following. 

(3.6) lim e - H - {x) = e - HAx) for fi-a.e. x, 

n— ► oo 

(3.7) {sup sup e _Wr ' x '} < oo for each m e N. 

Proof. Lemma 13.21 follows immediately from (|2.14l) and (|2.15[) combined with 
(I33|) . □ 

We estimate the Boltzmann constants for the Hamiltonians W". 
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Lemma 3.3. Let 04(71) be the constant defined by 

<tt(n) = sup max{ / e~^" (x) A(dx), }. 

^ ' „<neN Vs™ / 5m e-«"WA((ix) J 

Here x = X)i=i Then there exists an no such that <g](no) < 00. 

Proof. We deduce from (|3.6[) , (|3.7p , and the bounded convergence theorem that 

Urn e-^" (x) A(dx) = jf e - w " (x) A(dx) < 00. 



n— s-oo 



Recall that <J>(cc) < 00 a.e. by assumption (see the line after (I2.2I) 1 ) and 
\l/(a;, y) < 00 a.e. by the first assumption of (|2.15[) . Then we see that 'H r (x) < 00 
a.e.. Hence, 

e -WrtoA(dx) > 0. 



Combining these completes the proof. □ 

Taking Lemma 13.21 and Lemma 13.31 into account we consider the Radon- 
Nikodym density cr"'£* s rs of /x"' ™ s rs w.r.t. e^ n " r ^ A(dx). Namely, by definition 
we have 

(3-8) 5X,„(x)e^ WA(dx) = <' fe m s , rs (dx). 

It is then clearly seen that with normalization C5 

(3-9) ^ m s , rs (x) = i. :: '- >: jx, fhrx = 5> 4 . 

We next consider the decomposition of <?"'™ s rs in (|3.9p . 
Lemma 3.4. TTie density a V rs is expressed in such a way that 

(3.10) ?"'™vsW = ^ e "*"' E *' es, ' I '" t "' r,(,i ' S) ^r S ( x ' s ) for 11;™ -a.e. s. 
ifere were given by (12.111) . and Cg(s) is i/ie normalization 

(3.11) ^s) = ^ e -<^ i ^^*- 5 ".-^)^ rs (x ) s)e-^WA(dx) ) 
and t" rs (x, s) is defined by 



(3.12) ? r n rs (x,s) = l S? (x) / lH r .»(7r Sr .(s) +z) 
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Proof. Lemma T3. 41 is immediate from (13.21) and (|3.4p . Indeed, recall that /i n is 
a ($ n , 4 ,n )-canonical Gibbs measure by the assumption (2) of (H.2). Then from 
this and noting (|3.1[) , we deduce that the Radon-Nikodym density cr"'™ s rs given 
by (|3.4D satishes 

(3-13) <Z,rs(*) = const. e -*">< s )r r " rs (x,s), 

where t" (x, s) is defined by 

(3.14) r; irs (x,s) - l S7 (x) Jl Hr k (ns rs (s) + z) 

. e -*",_(x,z)-*^,_(s,z) M n,™ o ^(dj). 

We deduce from (13.91) and (13. 13p that, for /z"'™-a.e. s, 

(3-15) ^ fc, s ,r S ( X ) = — e - £Sr CT r fe,s,r S ( X ) 

Here Cy(s) is the normalization 

(3.16) <ffls) = J e - m «-^ 6Sp »*-*;r.(x,«) T n rs ( X) S ) e -K(x) A (dx). 

Therefore, we deduce (|3TTU|) from (|3~T3|) combined with ([3"7T2jl and ([3"TI3]> . and 
the definition of rs . □ 

The quasi-Gibbs property consists of two conditions: (|2.5[) and (|2.6p . We 
have already proved (|2.5p by Lemma 13.11 Therefore, it only remains to prove 
(|2.6p . This task will be carried out in the next two sections. We now explain 
the strategy of the proof of (|2.6p . 

By taking the representation Q3.3P into account, the proof consists of two 
kinds of limit procedure: (|3.17p n — > oo and then (|3.18p s — > oo, which involve 
the following convergence. 

(3.17) km n \ rs = Mr,fc,s,rs = hm n ' k o tt s = \x k o tt s , 

(3.18) lim /z™ fe = /i m fc . 

Note that two of these are the convergence of the conditional measures. In 
comparing with the weak convergence of {/V™} in Lemma 13. 11 it is noted that 
the convergence of the conditional measures is much more delicate. It involves 
a variety of strong convergence of the conditioned variable s. 

In each step, we prove the bounds of the densities being uniform in n, s f (|4.9p 
and (|5.ip ) and the related quantities as well as the convergence of measures 
as above. The uniformity of the bounds is the crucial point of the proof. Wc 
emphasize that we can carry out the proof because we treat the cut-off measures 
{/i"'™} defined by (|3.ip . This cut-off is done by the set H r fc. Therefore, the 
assumption (H.3) plays a significant role in the proof of Theorem 12. II 

The first step consists of four lemmas. Recall the expressions (I3.3P and Q3.8[) . 
We have already proved the uniform bound of J sm e _Wr MA(dx) in Lemma l3~3l 
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and will prove that for 0" \ rs in Lemma 14.21 We then prove weak conver- 
gence lim n ->-oo A*"' IT ° n S 1 ~ ^"fc ° n s 1 an< ^ -k 1 convergence of their densities 
(Lemma l4.3[ Proposition 22]). In this schema, we will have to prove the conver- 
gence of both oy™ 5 rs (x) and e~ n "( x K Since the convergence of e _-H " W has been 
done by Lemma I3~21 and Lemma |3~3I we will concentrate on that for cr" : ™ s rs (x). 

The second step consists of two lemmas. In Lemma [5.1[ we prove the absolute 
continuity of the measures s rs and the uniform bound (|5.ip of their densities 
°rfc s rs ( x ) ■ Finally, in Lemma 15.21 we prove the convergence of a™\ s rs (x) as 
s — > oo using martingale convergence theorems to complete the proof of the 
quasi-Gibbs property. 



4 Proof of the first step. 

In Lemma H. 21 we will give both sides bounds of ^"'T" s rs (x). For this purpose, 
we control the sum of the interactions in (|2.16[) and (|2.17|) . We begin by setting 

n 

(4.1) d s?a (s, t) = min{^ \ Si - t 4 \} for s, t G S? 8 , 

i=l 

where the minimum is taken over the labeling such that its (s) = Y2i=i <^>- an d 

Ts rs (t) = Eti^- 

Lemma 4.1. (1) S'ei cg(fc) = mfe • diam (S r ). Then, for each k G N, 

(4.2) sup sup sup sup |* rjSt (x,s)-$ r st (x',s)| < ctm 

neNr<s<t€Nx,x'eS™ s£H r t 

(2) Lei S" s = {x G S; x(S rs ) = n} and let H Si ; be as in (|2.18p . Namely, we set 

r, ,\ Li r c c r |^, st (x,y)-^, st ( W ,y)| 

(4.3) H Sj/ = {y G S ; {sup sup sup ! : p } < I). 

n£Ns<(6ii#iDeS„ F — W\ 

Then, for each n, I G N, 

J*«,rt(y,s)-*«,rt(y / »s)l 1 . , 

(4.4) sup sup sup sup { — — j < Z. 

neNr<s<ieNy,y'eS» a seH s ,i "S™, (Yj Y ) 

(3) For k se£ B« = {0 < |s - S r | < 1/g} and 

(4.5) A$ = {s G S? s n H s , ; ; s(B«) = 0}. 
Let eg = <|g](mn<7, rs/) be the constant defined by 

, AR s |$ r ^(x,y)~$ r>rs (x,/)| , cA », gi 

(4.6) sup sup sup{ ; y ^ y G A r $}. 

■- 1 nSNxGS™ «S^,(y,y) 

TTien we /iave t[g]< oo. 
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Proof. (O follows from RHty , ([2TT7)) . and ([2715) immediately. 

We next prove (|4.4[) . Let {y^}" and {y-}™ be labels such that 7rs rs (y) 
E"=i an< ^ that 7i"s rs (y') = X)i=i 'V- Then we have 

? , ms,st(y,s)-* n rs,st(y',s)\ _ \ Etl{*rs,Ay>> 5 )-^rs,sM> S )}\ 

\ '') ir-^n I /I v-^ n I /I 

E2=il*?.,«t(w.s)-*?. |rt (yJ,s)| 



< 



EHi \vi-Vi\ 



< max { j - } 

,=l,...,n \Vi-Vi\ 

< I 

Here we used the inequality a i} / < max{a m /b m ;m — 1, ...,n} 

valid for a* > and 6j > in the third line. We also used (|2.18l) and S rs C 5 S 
in the last line. Taking the maximum of the labels on the left-hand side of (|4.7[) . 
we obtain (|4.4I) . 

The proof of (|4.6p is similar to (|4.4D . Indeed, in the same fashion as above, 
we deduce that 

, AQ , |$?. st (x,y)-^ st (x,y')| r l^%t(x,2/ I )~^ t (x,yO| 1 

( 4 -8 ' | "71 < . max i i 71 i 

Ei=ibi-2/il »=l,...,n 

f \^ st (x, yi )-^ st (x,yl)\ 
= max i i 71 1- 

Here the second line follows from 

K,st(*> Vi) - Kst(*, y'i) = K,st( x > V*) - ^st(x, y'i)- 

Since ^> n converge to ^> compactly and uniformly in C 1 (Sx S\{x = y}) by the 
assumption (|2.15[) . and \xk — yi\ > l/q by (|4.5p . we deduce the claim cjgj < oo 
from (l4~8"l). □ 



Lemma 4.2. Let cio = i^no)e^ suPneN ' mr '^ 4 ' m ''''1FJ. Then, for fi"'™-a.e. s, it 
holds that 

(4.9) 

fjTO] - a "Xs.rs( x ) ^ fTO] ^ or a " x e S ™' r < s e N > and n < n e N. 

Proof. Since the diameter of S r is 6 r and the number of the particles in S r is 
m, we see that 

x[ - ^ Xi\< 2mb r for all x,x' e S™. 

Hence we deduce from this, (|3.10p . and (|4.2[) that 
(4.10) 

fl?"'™ M p - m "-E. ie s r Zi-* n rr3 (x,s)~ n / -\ ~n / \ 

u r,)c,s,rsl A / _ e 'r,rsV A ' b / ^ ^|m" |2m6,.(jgJ ' r,rs V A ; S J 
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We set S = 2™ and S = S™ by 

S = {(n,s,x,x') ; n e N, r < s e N, x,x' <= S™}, 

S = {(n, s,t,x,x') ; n e N, r < s < t € N, x,x' e S™}. 

Then, by (|3.12|) . we have for /i"'™-a.e. s 

(4 - u) su - p{ ^#| } 

= gu is lH r , (n Srs (s) + z) e -n-^)-^-oo^)/x^ o (dz) 
^ / s l H „> Srs (s) + z)e-*°r,^',*)-K^ o ^(dz) 

/ s 1h^ (n 3rt (s) + zje-g^ ^ g o tt^ (dz) 

= sup-^ ■ = = ■ \ 

h / s l Hr . fc (7r Sr .(s) +z)e-*U(»'^-^....(«.')^;™ o ^(dz) 

< el by (|4~2j) . 

Here we used /Lt"(s(5) < iV n ) = 1 in the third line. 

Let en = 2sup neN |m"|m6 r cjgj Then (|4.10l) and (I4.11[) yield that 

— n,m / \ 

sup ;t-t < eUU for |U ' fc -a.e. s. 

3 ^r,fe,s,r S ( x J 

Hence for //"'"-a.e. s, we see that for all x, x' e S" 1 , r < s G N, and n e N, 

(4.12) e-ffifcvX,^*') < 5?5X„M < etn&X,„(>0- 

Multiply (gTIll by l S m (x')e~^" (x ') and integrate w.r.t. A(dx'). Note that by 
HOD , we have J $m a"f 5 >rs (x')e^" (x,) A(dx') = 1. Then we deduce that for 

n.m 

M r , fe -a.e. s, 

e -HI] < aX, rs (x) J e'^^Aidx') < eHH for all x e S™. 

This combined with Lemma [5751 yields (|4.9[) . □ 
Lemma 4.3. ° tt^ 1 converges weakly to [j,™ k o tt^ 1 as n — > oo. 
Proof. Let IS be the discontinuity points of irs rs j namely 
-E = {s € S ; lim 7rs ra (s„) ^ 7rs rs (s) for some {s„} such that lim s„ = s}. 

Then by (H.l), we deduce that n™ k {E) < n{E) = 0. Since /j,"'™ converge weakly 
to n™ k by Lemma l3.1l and the discontinuity points of 7Tg 1 are /x™ fc -measure zero, 
we obtain Lemma T4. 31 □ 

Let H rs = and H" s such that 

(4.13) K s (x)= £ {$ n ( 2 ; 4 )-m^-x ! }+ £ * n (^). 

Xi£S rs Xi,Xj €LS r s ,i<j 
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By (|2.12[) and (I2.13[) . we see that fi"'™ o n s and ^™ fc o tt s are absolutely 

continuous w.r.t. e~^ r *A and e~' Hrs A, respectively. Hence, we denote by A n 
and A their Radon-Nikodym densities, respectively. Namely, 

IK'T ° n ? 1 (ds) u™ h o tto 1 (ds) 

(4.14) A"s) = ^ fc f" V / , A(s = ^ If,' - 

e- n rsA(ds) e H "A(ds) 

The following is the main result of this section. 

Proposition 4.4. A n e~ W " converges to Ae~ Wrs m L 1 (S, A) as n — > oo. 



We devote the rest of this section to the proof of Proposition ^. 41 This proof 
is rather long, and we will complete it after preparing a sequence of lemmas. 

Lemma 4.5. Proposition ^ -4\ follows from the relative compactness of {A n e^ rs } n 
in L l (S,A). 

Proof. If {A n e _ ^ r ' a }neN are relatively compact in L 1 (S,A), then their limit 
points are unique and equal to Ae~' Hrs by Lemma |4.3I □ 

To prove the relative compactness as above, we use various kinds of cut-off 
procedures. 

Recall that S" s = {xeS; x(S rs ) = n}. We set A n < n = A n l s?s . Then we 
have 

oo 



ex 



(4.15) A n = ^A n ' n . 



n=0 

We begin by considering a cut-off of A"e~' Hr * according to (|4.15[) . 
Lemma 4.6. For each e > 0, there exists an hq such that 

oo 

(4.16) su P ||{£ A n -"}e-«H| L1(s ,A)<e. 

Proof. By Lemma \4. 31 we see that the sequence {ft"'™ ° ^g 1 } is tight. Hence 
we deduce that for each e > there exists an n such that 

oo 

(4.17) sup^'HE S»)<e, 

' n=n 

which is equivalent to (|4.16p . □ 

According to Proposition l4.4l and (|4.16l) . the relative compactness of {A n e _W "} ne N 
in L 1 (S, A) follows from that of {A n '™e~ w "s} n <=N for each n £ N. Hence, we fix 
ncNin the rest of this section. 

Let H Sj / be as in (I4.3[) . We consider new sequences of cut-off measures 
{/x"' n }; 6 N such that 

(4-18) ^^^(•nsp.nH,,). 

Let A" ,n be the Radon-Nikodym density of ^"' n o n^ 1 w.r.t. e~^^A; that is, 

n,n — 1 / T \ 

/V 07T s r S ds ) 



(4.19) A"' n (s 



e- n "sA{ds) 
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Lemma 4.7. Let A"'" be as (|4.19[) . Then, for each n £ N, we have 
(4.20) lim limsup || A n ' n e^" - A"' n e"^ ||li ( s,A) = 0. 

Proof. Since u ; n '" < fj,">™ by KWi . we see that A"' n e-^- < A"'"^-. This 
together with (fill)) and P"!^ yields 

(4-21) ||A n ' n e-«« - A, n '*e-«~|U 1(S ,A) < /^(H^)- 

From /^" : ™ < /U n and (|2.19p we deduce that 

(4.22) lim lim sup /^(H^) < lim limsup n n (H c sl ) = 0. 

Combining P~2"Tj) and (g^) yields fl3~H|). □ 

According to Lemma 14.71 it only remains to prove the relative compactness 
of {A ; n,,l e~ W "} ne N in L 1 (S, A) for all sufficiently large I <E N. Hence, we fix such 
an I € N in the rest of this section. 

Let = {x; \x — S r \ < l/q}\S r ; that is, -B* is the intersection of S*f and the 
1/q- neighborhood of S r . Let A™^ 9 ; be the subset of S™ s n H s ,i with no particles 
in Namely 

(4.23) A$ = {s G S? s n H s , ; ; s(B«) = 0}. 

Lemma 4.8. For eac/i e > 0, i/iere exists a go G N smc/i </iai, /or g > go, 

(4.24) sup||A, n '"e-«". - A?' n e -«".1 A »., || l i (S .a) < e. 

n6N 

Proof. By the definitions of A™^ 9 ; and £?J? , and from the property of 1-correlation 
function we deduce that 

|| Are -K s _ A^e-^n \\ < M ";r((A^) c ) < / P^M*. 

We deduce from (|2.12[) - (|2.15[) that, for each e > 0, there exists a go € N such 
that 

sup / p\(x)dx < e for all g > go- 

Combining these two equations, we obtain (|4.24D . □ 

We will prove that {A"'™e~ w " = 1 A ™,« } n£ N are relatively compact in L 1 (S, A) 
for each neN and for all sufficiently large I, q € N. For this, we will prove 
both of the relative compactness of {e^^lA"' 9 }neN in L 1 (S,A), and that of 
{A ; n '"} neN in Cf,(A"^) with uniform norm || • || Cb(A ".«), where || / \\c h (A n -\) = 
sup{|/(y)|;yeA^} ; 

We begin by proving the first claim. 

Lemma 4.9. {e _W "l A ™,9} ne N converge to eT ^ ra l A n,« in L 1 (S, A), and 

(4.25) inf ||e — ||i,i(s,A) > f or a ^ sufficiently large !,q e N. 
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Proof. From (j2~14l and (12TT5)) together with (|4~T3"1) . we deduce that 

(4.26) Km e^«W 1 A ».« (x) = e - w " (x) 1 A ».« (x) for A-a.e. x, 

n— too rs <l rs >l 

(4.27) supsup{e- W " (x) l A ". 9 (x)} < oo. 

From (|4.26[) and (|4.27l) . combined with the Lebesgue convergence theorem, we 
deduce the first claim. In turn, we deduce that 

(4.28) lim ||e-""l A »„ || l i (S .a) = ||e- w ™l A ».«IUi(s,A). 
From f|2.14[l and (|2.15[) . we have, for all sufficiently large l : q G N, 

(4.29) ||e-« n "l A ^|| il( s,A) >0 (VneN), He^"^ || Ll(s , A) > 0. 
Combining (g^gj) and P~2l?l) yields g^5j| . □ 

We next prove the second claim. 
Lemma 4.10. {A"'™} ne N are relatively compact in C(,(A ' i) wif/i uniform norm. 
Proof. From the definition of A"'" (see (J37TJ) , ([4TT5]l . and (gUHJl), we sec that 

(4.30) ||A^" e -^l A «, ? J| il(S)A) = tf n < 1. 

Note that 775c = tt St + 7Ts soo ■ Hence we write ttsi (s) = x + z, where 
x 6 7rs r (S) and z e 7rg soo (S). With this notation, A"' Tl (y) can be written as 

K n (v) = mj s 1 H.. fc nH.,(x + ns r M + zje-*"."^- 5 ""— <* V ° ^(dxdz). 

with positive constant C12. Let C13 = sup{e^ < O f '' <is " s< ' y ' y ';y,y' e A,^ 9 ; }. Then 

applying (|4.6p and (14.41) to ^" rs (x,y) and ^" ssoo (y, z) respectively, we deduce 
from Lemma |4JJ that 



(4.31) sup sup {^hrrr,}< ^p e ( ff^^'» =(0 <co. 
neNyyeA™^ A z u ) y,y'eA£« 

Hence from (|4.30p and (|4.31l) . we see that 

(4.32) ||A J n ' n || 06(A »,« ) -||e-^.l A ».«|| i i ( s lA) 

II A; IICbCA^ 9 ,) . n „ 

- IK ) A ; e rsi A^« IIli(s,a) 

< «[[3j|A?' n e-^l A? .«|| L i ( s >A ) by 03D 

< qrj by g3DJ. 
Combining (ET2"5)l and (|4~3"2"j) yields 



(4.33) sup ||Arilc 6 (A-) < . - - ii < w - 

neN mf neN ||e h -1 a ^||li(s,a) 
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Taking the logarithm of (|4.31[) and interchanging the role of y and y' , we see 
that, for ally, y'eA^, 

(4.34) sup{|logA^(y)-logA^(/)|}< ((gj+0*- (y,/). 

Then we deduce from the inequality 

\x — y\ < max{i, y}\ \ogx — logy| for x, y > 
and (14~M1) that, for all y,y' E A£«„ 

(4.35) su P {\Ar(y)-Ar(y')\} 

< S up{||A^"|| Ci , (Ar() |logA^"(y)-logA?'"(y')|} 



^ < fH( t E]+ d s» (y,y')> 

where we set cu = sup ngN || A"' n ||c,( A ™'<> ). Since qj^] < oo by (|4.33p . we deduce 
from (|4.35[) that {A"' n } n(E N are equi-continuous in Ct,(A™^ ; ) for each g S N, 

From (|4.33p and (|4.35p . we deduce that {A"'™} n(E N are equi-continuous and 
uniformly bounded in Ch(A™^ 9 ; ) for each q € N. Hence, applying the Ascoli- 
Arzela theorem to {A"'"} completes the proof of Lemma T4. 101 □ 



We are now in a position to complete the proof of Proposition 14.41 

Proof of Proposition \4-4\ From Lemma 14.91 and Lemma 14.101 we deduce that 
{e~ W "l A >>,9 } n eN are convergent sequences in L 1 (S,A) and that {A"'™} ne N are 

relatively compact in Cf,(A"^ 9 z ) for each n E N and for all sufficiently large 
I, q E N. Then we conclude that 

{A"' n e~ • rs l A »,9 } n£ N 

are relatively compact in L^SjA) for such n,l,q E N. Combining this with 
Lemma [4.61 Lemma [4.71 and Lemma [4.81 we see that {A n e -W "} ne N are rel- 
atively compact in i 1 (S, A). Hence by Lemma [4.51 we complete the proof of 
Proposition 14.41 □ 

5 Proof of the second step. 

We devote this section to the proof of the second step. 

Let y?™ k = fi{- n S™ fe ) as in Definition 12.11 Let /i™ fe s rs be the regular condi- 
tional probability defined by 

^k.s.rs = V™k{KSr(s) G dx\ir Sr Js)). 

We begin by proving uniform upper and lower bounds of Radon-Nikodym den- 
sities of Li™ k s rs w.r.t. e~ Wr(x) A(dx). 
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Lemma 5.1. (1) For /i™ k -a.e. s, the regular conditional probability fJ-™ ksrs is 
absolutely continuous w.r.t. e~ Hr ^h(dx). 

(2) Leta™ ksrs be the Radon- Nikodym densities of fi™ ksrs w.r.t. e ~ H ^( x ) A(dx) . 
Then, for each r, s, to, k € N such that r < s and [i™ k -a.e. s, 

(5-1) <|TO] ^ <fc,s,r S ( x ) < ^TU] /° r ^ : s : r S - a -e- x - 

Here cjjn] * s ^ e positive constant given in Lemma[ 



Proof. We first prove the claim (1). Similar to the case of Lemma [4.31 we see 
that fi"'™ o (Trs r ,7Ts rs )~' 1 converge weakly to [i™ k o (irs r , 7Ts„) _1 as n — » oo. 
Hence, for f , g € Cb(S), we have 

(5.2) / f(7r s ,.(s))g(^„(s))^™ = lim / f(7r Sr (s))g(7r s ,. s (s))d M ^\ 



By Lemma 14.21 and the diagonal argument, there exist subsequences of 
{^" fe^s rsineN' denoted by the same symbol, with a limit <j™ fe s rs such that, 
for all k, to, r < s 6 N, 



(5.3) lim KZ,rs(«sAs)) = <k,s, rs i*s r (s)) *-weaklyinL°°(S,A). 

n — J-oo ' ' ' 

Here <i A r S is a function such that cr™ k5rs (x) = ^ fc|W ^ a (,),„(*Sr( x ))- Let 

(5-4) F n (s) = f(7r s ,.(s))g(^ rs (s))A"(s) e -""( 5 ), 

(5-5) F(s) = f(7r Sr (s))g(7r Srs (s))A(s)e-^( s ). 

Then by Proposition 14.41 we see that F n converge to F in L 1 (S, A). This com- 
bined with (|5.3|) implies 

(5.6) lim / F"(s)5 : X irs (s)dA= / F(sX fcili „(s)dA. 

By ([S3]) . (15To) and A^e^-M A(dy) = o ^(dy), we obtain 

f(x)g(y)« = / f(x)g(y)< t!VS (x)e-^MA(dx)^o^(rfy), 



where x = 7rs r (s) and y = ^^(s). Hence, we obtain (1) with density a™ k s rs . 
By (pT9"|) and ([5T3"]) . we see that cr™ fe s rs satisfies (|5TTj) , which implies (2). □ 



Lemma 5.2. Let n™ ks (dx) be as in (12. 7[) . Lei o~™ ksrs be as in Lemma XbA 
Then the following limit exists. 

(5-7) <t, s (x) := lim cr™ fc (x) for tf? k -a.s. x, for (j,™ k -a.s. s. 

s— >oo 

Moreover, o™ ks satisfies for [i™ k -a.e. s 

(5.8) (g| < <Vs(x) < qTU] /° r M™fe,s-«-e- x 

(5.9) a^ s (x)e-^A(dx) = ^.(dx). 
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Proof. The proof of this lemma is exactly the same as Lemma 5.5 in [15]. How- 
ever, we give the proof here for the reader's convenience. 

Define M s : S -> R by M s (s) = <7™ Mjra (x), where x = 7r Sr (s). Recall that 
er™ fe s rs * s tne Radon-Nikodym density of s rs w.r.t. e~ Wr M A(dx) and that 
= (.),« b y construction. Hence,' 

(5.10) M s (s) e -«"MA(dx) = M - fci7rSrs(s)irs (dx). 

Let ,F S = (r[7T5 r , 7r5 r J, where r < s < oo. Then by (|5.10l) . we see that 
{M s } s6 [ r oo ) is an (^" s )-martingale, which implies Afoo(s) := lim s _ ! . ocl M s (s) ex- 
ists for /z™ fc -a.e. s. Since 

M s (s) = < fcl7rSrs (s),r s ( x )' where x = ws r (s), 

we write M QO (s) = cr" l M (x). By construction, cr"^ 5 (x) = o"™ fei7rSroo (s) (x) = 
CT rfc tt S c (s) ( x ) an d' f° r Mwr a - S - s ' we can re g ar d c™ fcs (x) as a er[7rs r ]-measurable 
function in x. Hence, through the disintegration (|2.8p . we obtain (|5.7I) . 
We immediately obtain (|5.8I) from (|5.1I) and (|5.7I) . 

We see that {M s } s6 [ roo ) is uniformly integrable by (|5.1I) . Hence, by (|5.7[) . we 
see that M s (s) converges to M oa (s) = c™ fcs (x) strongly in i 1 (S™,^™ fcs ), which 
combined with (I5T0)) and the definition M s (s) = cr^ k s rs (x) yields (^9]). □ 

Proof of Theorem \2.1[ By Lemma I3~T1 we see that {/x™ fc } satisfies (I2.5[) . More- 
over, by (|5.8p and (15.9[) . we deduce that s satisfies (I2.6p . which completes 
the proof of Theorem 12. II □ 

6 A sufficient condition of (H.3) 

In this section, we give a sufficient condition of (H.3) when d = 1,2 and \l/ n 
satisfy (|2.21[) . So \l/ n (x, y) := ^(x, y) = —(3 log \x — y\ are logarithmic functions 
by assumption. If d = 2, we regard R 2 as C by the natural correspondence: 
R 2 3 (x, y) h-> a; + V^Ty e C. To unify the both cases we regard R as a subset 
of C in an obvious manner. We denote by 3?[-] and the real and imaginary 
part of •, respectively. We remark that z/\z\ 2 = 1/z e C. 
We consider the Taylor expansion of ^(x,y). 

Lemma 6.1. Assume (|2.21l) . Let x,y e C such that \x\ < \y\. Then 

(6.1) *(x,l/)-*(0,») = i8X; 7 R[(-) < ]. 

Here 3?[-] denotes the real part of ■ € C. 

Proof. Let r = |a;|/|y| and = Z(x, y). Then we see that 

*(x,,)-*(0, ? /) = -flog|^-^| 2 

= -| log (1 + r 2 - 2r cos 6») = -~{log(l - re 10 ) + log(l - re" 16 )}. 
Hence, (I6.1[) follows from the Taylor expansion. □ 
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Let S rs = S s \S r = {y 6 S ; b r < \y\ < b s } as before, where S r and b r are 
given by ([231). We set $ rs (x,y) = J2 y . eSra ^(x, y t ), where y = Y,i S y,- % 
(|6.ip . we easily see that 



(6.2) * rs (x,y)-* r >,y)=^^- £ 

f=l y l eS r3 y% 

Recall the notation x ■ m n s in (|03|) . If d = 2, then = (m^^m^) € M 2 
by definition, and so x • m" — xim" 1 + .x 2 m" 2 . Since we interpret x as complex 
numbers, we set x -m" = 3?[x]m" j + 3[x]m" 2 = 5J[a;rh"]. Since x = X\ + v 7 — 1^2, 
we then have 

x ■ (m£ - m") = xi(m" A - m" )X ) + z 2 (i< 2 - m" )2 ) 
= K[a;(mj: - <)]• 

Here, in the second line, we regard X, m", and m" as complex numbers. 
Lemma 6.2. Let 

(6.3) K s &y) =*r S (^,y) + 5i[x«-0]. 
T/ien i/ie following holds with finite constants C15 and Ci6- 

(6.4) sup l^(*,y)-*?>,y)l 



<\K s m+<mY,\ E u\+m E 



.ffere y = ^ • <5 yj . as before and 

(6.5) F; a (y)=»[^( E ^) +«-<)], 



(6.6) cjjg= |/3| ■ max sup 



i<e<e x -t we s T t\x - w\ 
(6.7) <rra= |/3| • sup sup 7^ 

Proof. We first check the finiteness of qjr^ and <rjgj. Indeed, < 00 is clear. 
Note that, < 1 on S r . Thus, the Lipschitz norm of the function x l jb l r l 

on S r is uniformly bounded in £, which implies < ^Y7q1 < 00 ■ 

Since |3?[o6]| < |a||6|, we deduce from (|6.2[) that for x ^ w € S 1 ,- 



|^ s (x,y)-^>,y)| 



«=2 1 1 yies rs Ul 
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We easily see that 

i=2 1 1 yi£S rs Wl 

H^E^ril E ViwX;t4>l E 

' i\x — w\ 1 ^— i ii l 1 f— ' t\x — w\ '-^ v 1 

Iq — \ ^ OO ^£ 

^E 1 E + E idi 

£=2 yi£S rs yt i=e yi£S r3 iyi{ 



1 _ 

=< n5iE 1 E 7ii + c [isi E 



b e r ° 



Here we used the formula X)fc£„ = a io /(b l ° ~ r) valid for < a < 6 in 

the last line. If a = 6, then we interpret a /& — 00. 

Combining (|6.8[) and (|6.9[) completes the proof of Lemma 16.21 □ 

Taking (16.31) . (|6.4[) . and (|6.5I) into account, we set for r, k, £ e N 

(6.10) U rjl , fc - {y G S ; sup sup |F r n s (y)| < fe}, 

r<sSN nGN 

(6.11) U rAfc = {yeS; sup | V -i| < fc} if 2 < €, 

(6.12) r ,,, fe = {yeS;{ ]T ^-J_^ } < 

We introduce the new condition (H.5). 

(H.5) For each r £ N, there exists an £q such that 2 < 1 G N and that 

(6.13) lim limsup/i n (0^ ofc ) = 0, 

(6.14) lim limsup/i n (U,^ fe ) = for aU 1 < £ < t Q . 

fc->oo n-)-oo 

We now state the main theorem of this section. 
Theorem 6.3. Assume (pT2Tl) and S = C. Then (H.5) implies (H.3). 
Remark 6.1. If d = 1, then 

(6-15) |F r n s (y)| = |v; >rs (y)|. 

Hence Theorem 16.31 is also valid for the proof of Theorem 12.21 In fact, we see 
that 

(6.16) U r ,i,fe = {y e S ; sup sup |v" )t . s (y)| < k}. 

r<seN nGN 
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Proof. Set C17 = <\\$> r ° ■ Then from (|6.4I) we deduce that 
(6.17) 

\V" rs (x,y)-^ B (w,y)\ 
sup sup sup I , 71 

neN r<sENx^w£S r \X — W\ 

lo-l 1 1 

<{sup sup |F r n s (y)|} + crj5]^{ sup | V — |} + 4T7]{ J! TTe Uh^ 

Combining this with (j2TT8"|) . and (|6TTU|) - (|STT2]) . we deduce that 

Hence, we obtain 



(6.18) M »(H° fc ) < | g ^r.e. k /(^ )] + M n (U^ , fc/( , 0([nf )■ 

This together with (H.5) implies (|2.19[) . which completes the proof. □ 

7 Proof of Theorem D 

In this section, we complete the proof of Theorem 12.21 For this we check the 
conditions of (H.5). We begin with (|6.13p . the first condition of (H.5). 

Lemma 7.1. Assume S = <C and (H.2). Then (ISTS)) follows from TTI^i . 

Proof. Let b r be as in (|2.3[) . We divide the set S roo = {& r <|a;|<oo}in (|6.12[) 
into two parts SV( r +i) = {b r < \x\ < b r+ i} and S^+ijoo = {W+i < \x\ < oo}. 
Let 

EifcO^H-l) 1 1 

V2 fe = {x € S ; { > y-\ < — }, where x => <L • 



iieS (r+ i)„ 

Then clearly U r ^ 0l fe D Vi^ n V 2 ,fc. To estimate Vi^, we observe that for x = 

J2 ] i7~ TJo — { sup 1 ,/ rir ) -x(-gr(r+l))- 
Here x(S , I ,( r+1 )) is the number of points Xi in S r ( r+1 y Considering this, we set 
V 3 , fe = {x G S ; sup / . < yfkj2}. 



V 4 , fe = {x e S; x(SV (r+1) ) < v^72}- 
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Then we have Vi^ D V3,k f~) V^*.. We therefore obtain \i r ,t ,k 3 N^fcflVs^nV^fc 
by combining these two inclusions. Hence, we deduce (16. 13)) from 

(7.1) lim limsup^ n (V^ fe ) = for all Z = 2, 3, 4. 

re n — > oc 

We will check (71]) for each Z = 2,3,4. 

As for (|7.ip with 1 — 2, according to the Chebyshev inequality, we have 

(7.2) m, k )<W"[ Yl 1 



3(r+l)o 



2 /" 1 

{7-r; TTrlPnW^ 



A- 



2 /• r 1 ! 

1 — ; «~ 1 ri rPn ( ^ )aa; 



Here we used the fact that t e °/{t e ° — b l r } is decreasing in t G (6 r ,oo), which 
implies 

SU P — ^ ttt < 



By ([2~24| and ([?T2]) . we obtain dZHJ with Z = 2. 
We next consider (|7.ip with Z = 3. Let 

U k = {x G 5 r(r+1) ; 4° < < 6f° + v^}- 

It is not difficult to see that £/& is non-increasing and lim^oo Uk — 0. We note 
that 

(7.3) V:,, {xgS; inf {\ Xi f° - < 

iies r(r+ i) 

= {xgS; l<x{U k )}. 

Here we use the convention such that inf = 00; that is, we interpret x ^ V3 k 
when x(£ r ( r+ i)) = 0. Let t rrg] = sup{p^(x);n G N, a; G S^r+i)}- Then by 
(|2.13[) . we have cig < 00. From the second equality in (|7.3p and the Chebyshev 
inequality, we obtain 

(7.4) M n (V^)<^"[x(C/ fc )]^ f pl{x)dx<< m ( dx. 

Ju k Ju k 

Hence, we deduce (|7.ip with I — 3 from (|7.4p and lim^oo {/& = 0. 

We finally consider (I7.ip with Z = 4. From the Chebyshev inequality, we 
obtain 

^(Vl fe )<y|^[x(5 r(r+1) )] = y|^ Pl{x)dx<sJ\ m J s dx. 
This immediately yields (|7.ip with Z = 4. □ 
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We proceed with (|6.14p . the second condition of (H.5). 

Lemma 7.2. Let the same assumptions as Lemma \7. l\ hold. Then (|6.14l) follows 
from ([2~2"5j) and (|2~2"o]) . 

Proof. By (I2.26[) . we can and do choose {b r } and c±g > in such a way that 

(7.5) sup || sup| V P b J\\ L i is ,^) < <mP~ r for all r e N, 1 < £ < £ - 

n£N pGN 

We note that \/e^ r b s ( x ) = v e,b r oo(x) — ve,b s oo(x)- Then by (|6 . . we see that 

(7.6) ^m-AkV) =/A sup sup |v £ % r00 - v? 6 | > fc) 

r<s£N pSN 

A: fc 
</i n (sup|vP b oo | > -)+//"( sup sup|v £ p bs J > -) 

p£N z r<s£Np£Fj ' z 

h °° i 

<M"(sup K, br J > -) + J] M n (su P |v£ t< J > -) 
peN z s f^. 1 P eN ' z 

2 °° 

-I ••EH SUp l V « s oollU 1 (S^)}- 

s=r P £N 

Here we used the Chebyshev inequality in the last line. By (|7.5p and (|7.6[) . we 
have 

sup/i n ({U rA)fc } c ) < | • 
Hence, lim^oo sup ngN /i n ({U,- i £ i fe} c ) = 0, which implies (I6.14p . □ 



Proof of Theorem \2.SX From Lemma 17.11 and Lemma 17.11 we deduce that the 
assumption (H.5) in Theorem 16.31 holds. Hence from Theorem 16.31 we obtain 
(H.3). Therefore Theorem O follows from Theorem HHJ □ 
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